
Math 592: Descriptive Set Theory
Lecture 1

Part 1 : Polish spaces.

1
. Definitions und examples

Bef. A Polish space is a ropological space which is completely metrizable and
2'dctbl (equiv

, separable) .

We define it as a top space and not a metic because we don't care about a partian
lar metric

,
but only about its existence

.
Also

,
our

mags will be continuous and

preserve any metric .

We
may choose a metric that's convenient d us

,
e

.g:

Pbs .Struncating the metricl
.

If I is a complete metric compatible will the topology of a

space X
,

then so is da(x, y) := min (d(x)
,

1).

Examples .
(a) For all neI

,
n = Sp

/
/
,.., -1) ,

his Polish with the discrete topology.
More generally , any etbl set

,
like IN

, equipped with the discrete top.
is Police.

(6) R
,
D

,
in fact

,
IRY

,
D"

,
no 1

.
we Polish

ㅣ

14) Any separable Banach
,

e . g. eP(IN) or L(1
,

X)
, 1pc& ,

are Polish

In particular , may separable Milbert space ,
eCIN) or [S11

,
x)

,
are Polish.

(d) Closed subsets of Polish space are Polish (witnessed by the same complete metric

as for te whole
space)
.

(e) (0 , 1 b <
*

1 p1
is Polish bene it is homenorphic to R.

Prop (cosere properties) .

(a) Completion of any separable metric
space is Police.

16) (th) disjoint unious of Polish spaces are Polish.



Ip Ctbl products (with the producttopology) of Polish spaces are Polish.
Proof. We only sketch()

,
the rest is exercise .

Let Malness be requence of Polish

spaces and let du denote a compatible complete metric for Xu with duEl .

For X := TXn ,
define

,
for x

,x
& (x

, g) : = 22- . dn(xn
,

yu) ·

It i an exercise to show
MEN that d is a complete compatible retrie for X.

Examples ,
(a) IR"

,
KI are Polish

.

(9) The Hilbert cube 10
,
15 is Polic (and compact).

1) The Cantor space IIN is Polish land compact) ,
where I : = 10

, 1) is with the discrtop.
(d) The Baire

space
INN is Polish /very non-compact),

where I is with the discrede top.

Pop/binary representation) . Every Polish space X (in fact
,

22d abl Hanschoff suffices) advite
an injection b : X4 I into the Cantor

space
such that the b-preimages

of the clopen sets (n11] : = <x(2: x(n) = 1) are open ,
i

.
e. &"Curt1] is open .

Proof
.
Fix a ctbl open basis (Unine for X

.
Define b : X + I by recording for each

whether it is in Un or not : x # b(x)
,

where b(x)(n) = = if x Un
.{ O otherwise.

This
map

is injective by Hanschaffers and by definition,
6"(n+ 1] = Un ,

60
. Polish spaces are at mostot cardinality continuum (IRI = 12N).

Guaa .
If X is metric

space ,
then closed at areGd latbl intersection of open set) ;

open
sets are Fo (otbl unious of closed us).

Proof .
For

any set YEX
,
V = & Byn(Y) ,

where BrlY) := (xEX : d(x
,
i) < r] =

= U Br (y) . Thes , ifY is
#1 closed

,
When Y= / Byn(4) and Bynli) are open.

y ε } aa
의

Theorem
.

A subset Y of a Polish space
X is Polish (i. Mesubspace topology)

↑ is 60
.

In particular , open and closed subsets of Polish spaces are Polish.

Proof . E . Let's first prove for an open of REX .
Like with 10

,
1

, we will show that
^

Fix a complete compatible metric & for X.



U is honeomorphic to a Polish space , specifically ,
a closed subset of XXIR.

Take f : U + XXIR by x # (x
, /d(X , RP) .

flu) is closed become if kn
, Yd(x4)

Ef(U) and him (2
,
Yd(x

, Up) = (x, 2)
.

then beae v is finite
,

X must be in U.
n

One hasdo still verify Bet is continuous lobrions) and f : F(U) -> X is continuous

[also Straightforward).
Now for a G set Y := Un Unopen ,

we do the same but for all the Un:
'

: Y + XXII by yH(y,NYdy , Milines) · This is again an embedding
with a closed image.

=> (Alexandrov)
. Let YIX be a Polish space itself

,
let dx

,
dy be complete compatible

metrics for X and Y
, respectively .

For each new
, define an open setV as the

union of all open sets UEX satisfying the following :

(i) UnY = &

(ii) diame
,

(n) <h = Une Bil4).

(iii) diamdy (UMY) < h
.


